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Possible solutions: _
Round I: Arithmetic and Number Theory

1. The pattern has 5 directional arrows, so 5n+ R =2012.
5(402) +2 = 2012, so the 2™ leg is the 2012%

2, S:D:P=11:1:90 or(a+b)(a-b).ab=11:1:90

a+b=11x b
a-b=x —->a+b=11a—11b-%a=%,x=—2—
ab =90x
2
ﬂ-—(90)(§J—>b:15,a=18~—aab=270
3. The last 2 digits of 4“ has a 10 cycle repeat: '
09% 603+
10 10

4, 16, 64, 256, 1024, 4096, 16384, 65536, 262144, 104856, 4194304 S0, ——
Now the last 2 digits of our problem are 96, and the sum of these two digits is 15

Round II. Algebra I

1. ‘
]ﬁx 1-1-1=1>x-1-1-1=1>x—1- =2 0r [x-1-1

J]x-1]—-1f=2 —>x-1-1=22>[x-1=3 or [x-1=-

[x-1=3—>x-1=43 5 x=4 orx=-2
Ix=1-1=0-|x~1-1=05|x-1=1>x-1=t1>x=20rx=0

3A+B40=61
0+3B-C=1 —>{A+O+”SC__26—>A+98=29_
A+0+3C=26 N B

A+B=61_ [SA+B=61 . .

—+QB—29_ ﬁr—FZ?‘B—SI
3A+B=61—+3A=60->A=20
A+0+3C=26>3C=6>C=2

(AB.C)=(2012) > (x.2)- (20 ;)
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3. Rewrite the problem using fractional exponents.
(x+ 8)2!3 —2(x+8)" ~24=0
LetA=(x+8)" > A?—2A-24=0
(A+4)(A-8)=0
M=—4—->x+8=«~64——>x=—72
Yx+8=6—>x+8=216 > x =208

Round III: Geometry

1. Ichose x = the hypotenuse. Now, one leg is (x — 2) and the other leg is (x-1)/5.
By the Pythagorean Theorem: _
-1y 2 _
M+(x—2)2 VG Sl 5 AN JNSPRRY
25 - 25
x? —2x+1=100x~100 —» x* -102x+101=0

{x=1)(x-101)=0—->x=101

60-40 _

mzD = 10

m«D = %mAXB —mAXB = 20

3. .
Since M is the midpoint of DF, then MF = %AFand since FMis a median of ADEF,

then MP = %MF—)MP: %AF.

Likewise, NP =—;—CD and OP =%BE. So MP +NP +OP = —:3—(108) =18

Round JV: Algebra IT

!
1 0<Inx<1 Inx=log, x=1->x=¢e'
O<x<e M
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P(-1)=a+b+2010=5 '
2a+4020 = 20 - a = ~2000,b = -5 — (~2000,5
{P(1)=a~—b+2010=15 e - ( )

a+2 a+2
22— —""-2>0
5-a _>5—a
a|+2_2(5—a)>0 3a-8 5

5-a (5-a) - 5-a
ESa<5oc -8—,5)
3 3

Round V: Analytic Geometry

M=

0

1. Substitute each given point into the equation and find b.

Given:
(x-5F , (y-3f _,
a2 + b2 -
. 25 9
with (0,0) =1 3
with (7,3) 3—42—+0= 1 -—}az =4
25 9 36 2421
NOW, _"“+—"'=1 bzz— b:——-—
AT TR
2. First find the center of the ellipse and the value of a.
3x*-18x+___ +2y*+16y+___ =-58

30 —6X +9)+2(y? + 8y +16) = ~58 + 3(9) + 2(16)

' -3  (y+4F
3(x-3) +2(y +4)* =15 X =1
3x-3)y +2Ay+4) =1 73 173

Notice that % is greater than -%, so the major axis is parallel to the y-axis and the ends of the

. : [ V23
niajor axis are at L3,~4 i—-J o
2
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3. The distance from the point (X, y) to (-4, -3) is equal to the distance from the point (X, y)
to (-3, 4). So, .

\/(x+3) +(y -4y \/x+4) y+3)

X +6X+9+y? -8y +16 =32 +8x+16+y> +6y+9

—2X =14y » x=-T7y

X2 +y? =25 549y* +y* =255y = +€-—>x +Z2£
7V2 2| (-12 V2
272 )| 2 "2
Round VI - Trigonometry, Complex numbers.
tanx 1 1 2:r 4z
. — = — =-2 3 CO8X=-— > X=—o01
2sinx COSX 2 3'3

2. When you joint the vertices F and H, you form an isosceles triangle. Notice that a
dodecagon has an interior angle of 150°. Now you can find the square of the distance FH
since it is the 3" side of the triangle. Using the law of cosines:

x* =92 +9% — 2(8)(9)cos150°

- 162-2(81)[--?-]: 162+ 823

3. The cos 3x is at a minimum value when 3x=z+2znforn=0,1,2, ...
T 2an

Team Round

1. There are 100 9’s in the units position, 99 9’s in the tens position, 98 9°s in the hundreds
place and 97 9’s for the thousands place. The sums is 900 + 9(990) + 9(9800) + 9(97000).
Add these values up to the 4 necessary digits. 1010
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2. Multiply by the LCM = b(b + x)(b — x) and get:
(b+x)b+x)(b—x)+2x{b)}(b - x) + x*(b + X)=2b(b+x)(b-x); b=tbb=0
b® —bX* +b%x— x® + 202 — 20x% + bx? +X° = 2b° ~2bx?
3b*x=b® 5 x= -g-
3. Using trigonometry:

4 X x .8y
sind sin(180-q) sing sing sing
3 4
ysind xsing

Using Geometry:
Draw _
BZ|AC,£XCP = /PCA = »Z YT
mLYCZ=m<ZCB=q '
3 4 PA 3
PAC »~ s —=—— 3 __==
APAC ~APB _‘}AP PB—)PB 2 i

" PA_3

AB 1 ' 3

27x% —y® +3y? —3y +1 ' P ./,1 B

(3x)° - (y-1)’

(3y—y+1)(9x2+3xy—3x+y2—2y+‘f)

(x-3)° +(y+2)° =172
yotondpogy =T (ye2y
2

2(y+19)=1727—(y+2)2‘
2(y+19)+(y+2)2 =172
[(‘,ONT-\

=~ i
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2y +38+y° +4y+4 =289

y +6y+_ =289-42+__

y? + 8y +9=247+9 =256 =167

(y+3) =162 > (y+3)=216 > y=—>13,-19
(x-3)" =2(13)+38 > (x—8) =28 - x=11-5
(11,13),(-513)

(x-3) =2(-19)+38 > x = 3—>(3 -19)

A triangle is formed by these three points. The base of the triangle (11, 13) and (-5, 13) has a
length of 16-and the height is [13 — (-19)] or 32, so the area is 16(32)/2 = 256.

6. The polynomial has integral coefficients so the least degree must be 4 with roots

{% i\é—_J [—;- ——[—J (3-27),(3+21). Notice that we have pairs of roots of the form

a+ biand a— bi. If we multiply (x-a-b7)(x—a+bi) > x* -2ax+ (32 + bz) . We can
use this form with our given roots to get

=1,b:£»>x2—2 1 X+ —‘]—+Z — 36x% —36x+ 37 =0 and when
2 3 2 4 9 :
a=3b=-2-x>-2(3)x+(9+4) - x* —-6x+13. Now multiply these to find the

coefficients. :

(x2 —6><+13)(36x2 _36x+ 37) -

(36x* —36%° +37x2) + (-216x° + 2167 ~222x) + (468x° — 468x + 481)
36 _36+37-216+216-222 + 468 — 468 + 481=296




