MASSACHUSETTS ASSOCIATION OF MATHEMATICS LEAGUES

NEW ENGLAND PLAYOFFS - 2016 - SOLUTIONS

Round 1 Arithmetic and Number Theory

1. The possible numbers are 40304, 41334, and 42364. Their sum is 134104,

2. Since Distwice C, then C <5, If C=4then D=8. SinceCis t,;wice B, then B =2, making
A=1. This gives 1248 which has ABC = 124 and BCD = 248. C can't be 5 or 3 since that
would make B=2.5or 1.5, nor can C = 2 because that makes B = 1 and 4 would be a

fraction. The answers are [(1,2, 4,8) and (3,7, 4.8)l

Since 5 + 3 is not prime, no odd number can work for #n. Also, n can't end in 2 since 17+3

would be divisible by 5. Similarly, » can't end in 8 except for 7= 8 since otherwise n—3 is

divisible by 5. We check numbers ending in 0, 4, and 6 and obtain
n=8 10, 14, 16, 20, 26, 34, 40, and 44. Answer: [9].

Round 2 Algebra 1

1. Since F=—§-C+32,we have 2C = %C +32 - =160. Thus, the Fahrenheit reading is! 320 .

M — 4. The first gives 1_da-l while
X ma

The general case is more interesting. Consider —+ M —4and
: a X ax

the second gives 1 = j‘fg—. Then 491 = a — m's cancel with the result that 2016 is irelevant and
X m ma Mt
1

4a-—1=4a2~9(2a~—1)2=0 - azz

o

X +3 ,
Let Y:___L_ Squaring both sides, ¥ — %:%DY——Z-F
X

= Y-P%:%?—z:b 4Y2-17Y+4=(4Y~1)(Y—4):0 =¥ =

4.

X +3 :%:>4x2—x+12=0 which has no real roots .
X
2
x +3 =4=>x"—4x+3=(x-1)(x-3)=0=>x=1,3

X
Both values check in the original equation.
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Round 3 — Geometry

L Asshownin the left-hand diagram, Z4BC =m/ABQ-mACBA=97—-84=13. Asshown in
the right-hand diagram, m<ABC + mZABQ + mZCBQ = 360, so
mZABC =360~97-84=179. Answer: (13 and 179|.

4 0

2. Thearea of AMCN is 520 - 15=150. The volume of pyramid MCNB is 2150 - 30= 1500,
The required volume is 30° — 1500 =255,

3. Let msA=1x,then mEsz, mR’m2x, msACD = 4x,
making m&‘:&;ﬁ:?ﬁ. If PAB and PCD were

rotated, keeping P fixed, until the lines became tangents, P
then 4 and B would coincide, and C and D would coincide as

shown in the diagram. Since msP+ mzf) =180, for minor

arc E, we have 2x+3x=180— x =36. This would make
m<P =108, but the lines must be secants, not tangents, so
the largest possible integer measure of P is{107].

Round 4 — Algebra 2
1. LetY=log, x.
(logﬁx)2 +3log6(6x)—%log£6:0®Y2+3(I+Y)—1:0

@Y2+3Y+2z(Y+1)(Y+2):O:}Y:—l,»mz:::» x= %’3_16_
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(_ax )
al
If f is its own inverse then f(f(x)):x SO f(x—cf—f—i)zxmé——%zx{j—gjm:

x+2

ax ax2
—=—+2x ¥ (a+ 2)x +(4-a )x 0. This is true for all x in the domain of £ if
x+2 x+2

.

Assume the equation of the given line is y=mx+b.

Since the x-intercept is --Zl, ——,m, b is an arithmetic sequence with a common difference d.
m  m

15

e
Thus,d:%=b~m=m+-§~:> 2

Mo om+b=mb

Substituting, 2 [b - %5—] +b= [b - -155-)5

Multiplying through by 2 and expanding, = 4b” —60b+225+2b =2b" ~15b
< 207 -43b+225= O<:>(2b 25)(b-9)=0=b ——2-§ 9

Round 5 — Analytic Geometry

1.

2.

From —4x + 7 = 2x% —4x — 1, x = —2 or x = 2. The points of intersection are (—2,15)
and (2,—1). The slope is ~4. The required siope is i.

nab = 100m, £ = 0.6 = PR a? — b? = 0.36a>— b* = 0.64a’—b = 0.8a.

Substituting into the first equation gives 0.8a* = 100—a = 5v5 — b = 45

2b? 280 [32V8)
Focal length is = = .
gth a 5Vs A

Alternate Solution:

Let a = 5k, ¢ = 3k, then b = 4k. Then 20k* =100s0 k= V5. The equation of the ellipse

2 2 2 45
is 2+ =1 Substituting x = 345, wegety—-l—m 1- 2. 16 Then
125 80 80 125 25 25
J5

4J§ + \/— so the focal chord is 32?.
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3. Let A=(x,0), then B::(x,xz),maldng C:(x+x2,0} and D:Lx+x2,(x+x2) J .

2)

2
Then the area of the smaller square is (X 2) = x4, The area of the larger square is

2)4 2

{ 2\2 4 (x+x (x+x )

L(x+x2) J :(x+x2) . Then 3 =81——>———;-~m:3—>x2~—2x=0 . Thus, x=2 so
x

the side of the smaller square is |4 .

4 C

Round 6 — Trig and Complex Numbers

L.

If » is a multiple of 7, then the expression either equals cosz+isinz =-1 or
cos2r+isin2z=1. Since «1%@ =142.85701 , there are values of n that give real

numbers,

Let sin Lx= @, then tan@ =2 and sind = x. First, for the tangent to be positive, x must be a

=2 > x?t=4-4x% Hence,

first quadrant angle. Second, cos@ = \1— x> , giving

1-x

P SN XZZ\S/—_‘J'_.

2
By the Law of Cosines we have (%} =sin® 4+ cos> A~ 2sin Acos Acos A =
i: I“QCOSzASinA% 2cos? sinA:% — (l—sinzA)sinAzg ~>sin’ A —sin 4 +%zO.

We're told that .:21,, is a solution. The reduced polynomial is 4sin? A+2sin A-3=0. The only

positive solution is %@ Then (a,b,c)n(—l,13,4) .
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Team Round

8(6x+1
121—8 =>y=2 —4-+8) —(—J-Cm-)- Substituting in the first equation,
3x 2 3x 3x

ox 17 3x 9 L 2 Tx 3
et = 0 Muttiplying by — , 3x+———r+—=

2 4 8(6x+1) 16 16(6x+1) 8

Multiplying by the LCD {16(6x+1)}, 48x(6x +1)+7x+6(6x+1) =0

& 288x +91x+6=0

With an odd middle term, we try factoring 288 as an odd times an even (M, }é{, 32-9)

2
(32x+3)(9x+2) 0“‘_“:»}:“”‘—-:-35 ———§ Substituting in the boxed expression,
-3 -2
6. — 8| 6-
8[ 32”) 8(-18+32) 112 [ 9 ”) 8(~12+9) 8.3
3 h 3. = -
32 9

3 112 2
Thus, we have (X,y): 3375 ) —-;,4 )

Alternate Solution;

The second equation can be written as §i = 1?13 Multiplying the first equation by 1/6,
x
we get §_+L+}_—0 Combining gives 2 7 ——3——+ 9y* + 76y —448=0.
4 24y 32 y—16 24y 32
. 76y 448 2
- Reducing the roots by a factor of 4, we get 9y* + T =0 9y° +19y—~28=0 where
y=lisaroot. Sothe factors are {y — 1)(9y + 28) = 0, then the roots of the original equation

(y——l ) gives x“—-é» and x-‘—i

arey=4andy= % Substituting mto —=F 32
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2. Squaring PQ, (x-3)’ +(y-7) =65

The only possible sums of perfect squares that produce 65 are 12 +82 and 4> +7°
x—-3=14,7,8 => x>0 All are rejected.

—4 -1

x-3= = Xx= =
-7 4
_n8 __5
16 (49 +7 14
(y=7) =65-(x-3) =65-149={16 > y=T+{+4 = y =13 11
64 |1 + 6, 8

Thus, we have 5 ordered pairs, namely, (-1,14), (-4,3), (-4.11), (-5,6), (-5.8)

3.  The area of ABCD is 3600 and the sum of the areas

. . 1 . A F B
of ABCF and ACDE is 2-5-60-2():1200. This 50 -9

counts the area of EHC twice so it must be
subtracted. Let m/EDC =8, then

m£LDEC =90—8, and since ABCF = ACDE, then
mZBCF =8, making ACHE ADCE.

DE =60% +20% =2010. so the ratio of EC 1o~ D 6 c

; 20 1 . A )
DCis = ——= and since the ratio of areas is
20410 410

the square of the ratio of corresponding sides, the

area of ECH equals 1—10— -é— +20-60=060. The area of
AFHD = 3600 — (1200 — 60) =|2460] .

Alternate Solution:

Put the square on a coordinate system with 00
D(0,0),C(60,0), B(60,60), 4(0,60). Then F(40,60) >4 18
DEisx—3y=0,and CFis 3x +y=180. Solving we -3 || 40 60|=
get H = (54, 18). Then using the determinant 0 60
method, we get 0 0

0.5(3240 + 2400 -720) = 2460.
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4.  Since mZBAC =60 and AC bisects the angle, ABC
and ADC are 30-60-90 right triavgles, making v-aeis

AD = AB = r\/:)T . Drop a perpendicular from the

point of tangency B. Then AE = %/,—3_ making

BE:Z%{—E-\E:%. Singe * = 4 the coordinates of

Bare ( AE, BE) = (2\/5,6) .

X-Gxis O(0,0)‘} A6m E D

5. Let the edge of the cube equal 3x. Then AP=BP=x,
making AB= x\E . Let Tlie directly below A. Then
TR=2x= RD, making TD=2x2. Since AT =3x,

then AD =v9x2+8x* = x\/17. The area of ABCD is,
therefore x\E 17 =x2 \/Q Setting xzxfi m\/ﬁ

gives X2 = —\/l_— If the edge of the cube 1s 3x, then the
2 .

surface area is 6(3x)’ = 54x* . The surface area is,

1
therefore, 54 —= =:127+4/2
N2

6.  Using the reciprocal relationship and the power rule, we have

+2log ,x~3=0 =

0g,, X

2

2 | |
2(iogyx) - 3logyx+1=0——>(2logyx~« 1)(logvx - 1) =0. Thus,x=y" % or y=x— y=x
or y=x. The first gives the two ordered pairs (2,4) and (3, 9). Since a log base can't be 1,
the second gives 8 ordered pairs from (2, 2) to (9, 9). The answer is .
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