NEW ENGLAND ASSOCIATION OF MATHEMATICS LEAGUES

PLAYOFFS - 2019 - SOLUTIONS

Round 1: Arithmetic and Number Theory

v0.0009 900 _ 30 _

2=5,

J0.000036 36 6

The least common multiple of 9, 12, 15, and 17 is 22 . 32 -5.17 =3060. So the product
must be divisible by 3060.

Case 1: Two-digit numbers divisible by 17
The largest such number is 5-17 = 85.

The three-digit number must be of the form 22.3% .k =36k.
The largest such number with a hundreds digit of 3 occurs when % =11, resulting in the
product of (85)(396) = 33,660.

Case 2: Numbers in the 300's which are divisible by 17
The 6 possibilities are 17-18 =306, 323, 340, 357, 374,17-23 =391.
If any of these are to be considered, they must produce a product greater than 33660.
Since 374 -89 =33286, the only possible product is 391- (8_) .

391 accounts for divisibility by 17, (8_) must account for divisibility by 9, 12, and 15.
Since the LCM(9,12,15) = 2*-3%-5 =180, there is no possible two-digit multiplier (8_).
Therefore, the answer is 33,660.

. ].Ox+y+10y+x _z

We hav =—=1lx+1lly=1lz=x+y=2.
99 9

Ifz=9, we have (x,y) =(8,1), (7, 2), (6, 3), (5, 4) or vice versa, giving 8 possible triples.
We note that the number of triples for each value of z will be z—1 for odd digits, and z-2
for even digits, since ordered pairs where x = y must be excluded.

Thus, there willbe 8 + 6 + 6 +4 +4 + 2 +2 + 0 = 32 triples.
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Round 2 Algebra 1

1.

Let x = the weight of the whole ham and y = the weight of the half ham. Then the
combined weight is x+ y, the combined price is 2x+ 3y, and the average price per pound

2x+3y:%38x+12y:9x+9y:33y=x‘ Thus, x:y=3:1.

is ———=. Then
x+y xX+y

x>0>y= o] x-y _3
x+2[y| x-2y 4

= 4x-4y=3x-6y

> x=-2y

Therefore, -5::31::@.
y oy

1f the mode is 37, there must be at least two 37’s. Since the median is 58, there must be
exactly two 37’s. The remaining two integers must be greater than 58 and unequal (again

because 37 is the mode). To minimize the average, we take the two unknown integers to be

2(37)+5§+59+60 _ 22] 502 [ A]=51.

59 and 60. This yields 4 =



Round 3 Geometry

1.
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The general case is more instructive.

If mZAME = 0°, then mZNMD = 6° , making
mZMNC =360°—-(120+120+0)° = (120—9)° .

Then m£BNP =(120-6)°, making

msLNPA=360°~(120 -6 +120+120)° = 6°.
So mANPA=T4° .

12

Since ABOD is a 45-45-90 right triangle, OC = CD = 5" 642
Since AAQP is a right triangle (shown
below) and shares a common angle ™ < 8 A
(@) with AOCP, AAQP ~ AOCP . 4l "~ P-a
Therefore, 40 = o .
PC
AQ OC

Switching the means, —= = .
PQ  PC

40 2 1

But, from the dimensions of the rectangle, we have —= = = =

PO 4 2
e OC 1 § - :
Cross multlplymg—P—é— =7 = PC= 2(OC) =124/2 = PD=1812.

FYI:
Besides showing that AAQP is a right triangle, we should show that the rectangle could not
be drawn with the longer side closest to the circle. Let @ =m/BPF . 90° D

Since ZBPF is formed by two secant lines, 8 = —;—(a - b)o .

We also know that a+5 =180° = a <180°.

0:—;—(51—(180—62))0:(41—90)0 /p\g

= 0 <90°= LBPF is acute, implying the side of
the rectangle opposite Z/BPF must be a shorter side of the
rectangle. Additionally, since the 90° arcs are equidistant from the

center of the circle, the ray PO is an angle bisector. Now add the rectangle
with diagonals lying on these secant lines and a short side closest to the circle.
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Round 3 Geometry D

2.

continued

PH=PD=182. 718 45!
PB:PD—BD} 4 :

=
PF =PH-FH

PB=PF o> m/3=mc4 F ;
Since both P and O are equidistant from B and F, P

OP is the perpendicular bisector of BF H
PA=PE=mL] =mL8=>mL5=ml6

From the diagram at the right, we see that y
2x+2y=360°=x+y=180°= AEI BF. Thus, OPisalsothe = FLX X\g

perpendicular bisector of AE , and AAQP must be a right triangle.

Draw line EF , altitude AP in AABC (h= AP) and altitude

B

BQ in ABEF (a=BQ). ORIIBC=PF=a.

Since ABQE ~ AASE , %z%:hzélaé a=
—a

Since AAEF ~ AABD,

EF AF EF 3 3
—=—— = =2y,
BD AB y 4 4
Therefore, the area of
1 1 » 3
AEFB=—BQ -EF =—.—.— =4 = 3hy=128.
> 50 244 4

Finally, the area of AABC = —;—h -6y =3hy =128.
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1. 9¥Y2 72y 8 J 9245 _ 36924 _ 5 Consider integer powers of 3.

{..., —217- ,—é, —13—, 3¥=13"=3,9, 27,..} The only way this difference can equal 2 for integer values

of xand y, is if 377 =3 and 37 =1, (2x+5,6y-24) =(1,0) = (x,y) = (~2,4).

Why are we sure this was the only way to achieve a difference of 2? Let b < a be integers.
Case 1: If a<0, then 0<3* <3 <1 =>3-3"<«1.

Case 2:If a 21, then 3*-3"=3*(1-3"")>3'(1-3") =2

Thus, for the left-hand side to be exactly 2, we must have a =1 and b = 0.

2. Letting y= Yx , we have y +—1- =3, which is quickly transformed to the quadratic equation

Y
449 ~ 3+
y* =3y+1=0. Applying the quadratic formula, y = Yx = 32 29 t.3 ‘2\/5 .
3
+ + + +
Cubing both sides gives x = {3 _Z\EJ = 27t 27\/5; ks S\E = 2 _22\/5 =04 4\/§ .

3. Notethat for x=2, f{2)-2f(-D=4and if x=—1, f(-D-2f(2)=1.
Letting f(2)=x and f(-1)=y, wehave x-2y=4 and y—2x=1.
Solving, we obtain y=-3 andx=-2and f(2)=-2 .
Alternate solution (Finding an explicit formula for the implicit f(x)—2f(1~x)=x>):
Let x=1-y. Then: f(1-y)-27(1~(1-3))=(1-3) & f(1-y)-2f(¥)=1-2y+)",

for all real y. This can be rewritten as f(l - x) = 2f(x) +1-2x+x", for all real x.

Substituting in the given equation, we have f(x)—2 (2 F(x)+1=-2x+ xz) =x"

3 3

= f(x)—4f(x)-—2(l——2x+x2)=x2:> f(x)=~—x2+—4—x——2—. Now we verify that this

f(x) satisfies the stated conditions for all real x. f(x)~2f(1-x)=

(—xz +—L—1—x—Z -2 -—(]—~x)2+i1—(1~-x)-—z :~x2+ix—g+2—4x+2x2—§+§—x+i=x2
3 3 3 3 3 3 3 3 3

Finally, we compute f(2) = -4 +§——% =—4+2=-2.
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The following is a chart of function values of the given implicit function f(x)-2f(1-x)= x>
for consecutive integer x-values, differences between those function values, and differences
between those differences (referred to as second differences)

x |f® 1% Diff 2" Diff
2 | -22/3
-1 -3 | -3-(-22/3)=13/3
0 | -2/3 7/3 7/3 —(13/3) =2
1 | -173 1/3 -2
2 2 -5/3 -2
3 |-17/3 -11/3 -2
4 1-34/3 -17/3 2

Here’s an important principle about these differences:

If second differences between function values are identical for all consecutive x-values, then the
function must be a polynomial (for integer values of x) of not higher than second degree.
Similar statements can be made for identical n™ differences.
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1. (a+2)(2a+1)=—1::>2a2+5a+3=0:>(2a+3)(a+1):0. Therefore, a =—1 or—%.

3a-b-6| 2[3a+b-6]

N V10

=3a-b-6=6a+2b-12 or 3a—b—6:—(6a+2b—12).

2. Using the point-to-line distance formula,

The first simplifies to a+ b =2, and the only possible solution in

positive integers is (1, 1). The second simplifies to 9a+ b =18, and

the only solution in positive integers is (1, 9).

3. Letthe radius of the circle be ». The circle's equation is
25\
x? + ( y- -2—) — 7% and we want its intersection with
y= x2 Substituting, we have y+ y2 ~25y+ %‘5- =72, P

= y2 —24y+(§%—5— —rz) ={. For there to be one solution,

the discriminant must be 0.

Set 242~4(§2§~r2)=0:>4r2 =49, s0 r =

7
4 2
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1. Tet@=Cos'x , for 0<@<m. Then cosf = x, which implies that sinf = \/i——xz , since
the @ must be quadrants 1 and 2. Substituting gives m =x=l-x2=x? = 2x% =1
= x =i—§2—. However, x :-——22~is extraneous, and x = —2—2— only.

Alternately, we require that 6 be an angle between 0 and 7, i.e., in quadrant 1 or 2, for
which sine and cosine are equal.

The only possibility is 45° (or —}radians), producing x = —~\/2§— .
o BC*=82+15%=289=BC =17 D
BD? =82 4207 = 464 =16(29) = BD =429 . [
A . rd
CD* =152 +20% = 625= CD = 25 =
Using the Law of Cosines on ABCD, we have
464 =289+625-2-17-25-cos(£DCB). B

280+625-464 914—464 350
2-17-25 21725 X178
Thus, (m,n)= (9,17).

cos (LDCB) =

3. tani;— . tané;— : tang— = tan 45°-tan” 22.5° = tan® 22.5° . From 1+tan® @ =sec? @, we have

6 [1-cosf
= , we have
2 2

COS—
c0822.5° = 1+cos457 =l\/2 +2 , which gives us sec?22.5°= 4 =4-22.
V2 2 242

Therefore, tan-g—-tang-tan% =tan’22.5° =sec?22.5° = 1 = 3—2\/5 .

tan” 22.5° = sec? 22.5°—~1. From
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Team Round

!
3 '9'2' distinct permutations of MASSASOIT. If we remove the three S's, there

1. There are

!
are §—; distinct permutations of the remaining letters. If we group the three S's together as

single unit, there are 7 distinct places in any permutation of the other six letters in which

‘ 6!
to put the group of S's, giving 7- 3 arrangements in which the S's are together.

The probability that the S's will not be together is

9! 7 6!

121 21 91—71.31

32! A 97 3'=1—— 6 :1—i=£. Therefore, a+b=23.
9! 9! 9.8 12 12

312!

b“z)(“”) ~3.4.5=60. The left side

2. Adding and multiplying gives [ab; 2)(
c a

B2 +2abc? +2a%be + 2abc + dac+ Abc + Aab+8 . .
. This simplifies first to

abc

(arbc)2 +2¢(abc)+2a(abc)+2b(abe)+4(ac+be+ab)+8 and then to
abe ’

becomes

abc+—8—+20+2a+2b+%+i+i, which equals

aoc a <
abc+i+2(c+g)+2[a+%)+2(b+—?:): abc+—§-—+2-5+2-3+2-4=60.

abc a b c abe
Thus, abc+i=60—24=_3;6_.

aoc
Alternately, (a+—2-j(b +:7‘—j(c +—2—) =3.4.5=60
b c a
= (ab+-2fi+2+i c+—2— :abc+2a+2c+i+2b+i+i+——§—-=60. Regrouping,
c be a b ¢ a abc

abc+-—§——+ 2a+i + 2b+i +(2c+ij=abc+—§—+2 cz+2 + b+—2— + c+g =60

abc b c a abc b ¢ a

= abc+—8—+2(3+4+5):60:>abc+—~8——-:60~24=§_§.
abc abe
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n(n+D(2n+1)
s Pa243s - nien’ T g 2(2n40) Thep AMt2 1
333 3. 37 773 N T T
P22 484 (=1 +n (n(nJrl)) n(n+1) 3n°+3n 15
2

601n+30> 312 +3n <> 32 =57Tn—30> 0

©n*=19n-10<0 = n(n-19)-10 <0,
We note that if #=19 we have § —10 < { which is true.

However, if n>20, we have n(n—-19)-10220(1)—10> 0.
The graph of y =n* ~19n—10 is a series of discrete points
located on an upward opening parabola with vertex at n=9.5,

which has strictly increasing function values for n>9.5.

Thus, the largest positive integer satisfying the original inequality is 19.
e .. . : Lo
4. Let mZLAOC = —. Since the area of region I7 , the intersection of the
2
. 1 .. .
two circles, is — the area of circle O, the area of the region bounded by

chord AB and minor arc ADB is 1/6 the area of circle 0, -

so the area of the region bounded by ZE R EB, and minor /
[

arc ZB is 1/12 the area of circle O. Note that OC = cosg

¢ p

and AC = sing. l\ \
K/TB _,,/’/

The area of sector AOD minus the area of AACO equals the area of

\\«_\q____—f”

the shaded region ACD. This gives 012 12 1 -cos—g; . sing = L z-1% which simplifies
2z 2 2 2 12
e 1. T . ) r 30-r7w _
to —— Esmﬁ = 7 giving sin@=0——= 3 Therefore, k+m+n =7. Alternately, the

required area is twice the difference between the area of minor sector AOB and triangle AOB.

' —(6-sin0
o Lro-L i sing )= o-sino= wzzsn—0+sillezza-zsin9:
2 2 f—sind 1

3sin9=39—n:>sin.9=-3-€§—7-’-::>k+m+n=3+1+3=z.

[FYL: 6~112.7° or 1.97°%" and sinf~0.92.]
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5.

Since there are 3 possible values of 4B and # possible values of AC, there are 37 possible
triangles.

Using %bc sin30° = —}Ibc to calculate areas, we have the average area is

%—(1 Zk+2 Zk+ 3. ij ( Z J L '("2+1)=17—-}1—=20:>n=12-

Let the edges have length x. Then the area of base ABC is

23 F
4

An altitude from the vertex P to the base meets the base at the
intersection of the medians AF and BE at D. Consider right

triangle PDB whose height is 4 and whose base is two-

thirds the length of median BE, since the medians
intersect at a point of concurrency that divides each

median into lengths in a 2 : 1 ratio. The length of

the median is ﬁ;—/’:&—, which gives A --------------------------

__[_

DB = Thus,

uo}t\)

NS

5 .
9
B = 52 —[—E—J =Zxr o \/—— and the volume is

\/
x*\3 xﬁ_xB’\/E

1

—Bh=— : = =1.

3 3 4 N 12
3

Since A3 =% 242 and x3=—1—%~, h3=—!-2—-&=—8—= &
33 V2 233 V3 _3



